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Abstract In this experiment, harmonic analysis of periodic signals was investigated
using both frequency-selective measurements and Fourier-based spectral analysis. The
properties of a precision rectifier and a band-pass filter were characterized, and the filter
response was fitted with a Lorentzian model, yielding a resonance frequency of fy =
(95.0 £ 0.8) kHz and a quality factor of @ = 13 +5. Amplitude modulation was analyzed
using three methods. The modulation depth was determined as m = 0.611 4+ 0.005
from the X-Y plot, m = 0.727 £ 0.002 from the time-domain oscilloscope trace, and
m = 0.0092 £ 0.0004 from the FFT spectrum. The first two methods gave values of
the same order of magnitude, whereas the FFT-based result was significantly smaller.
In addition, Fourier spectra of sinusoidal and triangular signals were recorded with a
digital oscilloscope. Both signals showed a fundamental frequency near 34.5 kHz, while
the triangular waveform exhibited a more pronounced odd-harmonic structure. Finally,
the total harmonic distortion of a distorted sinusoidal signal was found to be THD =
(1.11 £ 0.02)%. Overall, the measurements were largely consistent with the theoretical

expectations, except for the FFT-based determination of the modulation depth.
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Introduction

The analysis of signals in both the time and frequency domains is a fundamental tool
in modern physics and electrical engineering. While signals are commonly observed as
functions of time, their representation in the frequency domain often provides deeper in-
sight into their structure, transmission properties, and interaction with linear systems.
The mathematical foundation of this approach is given by Fourier analysis, which allows
periodic signals to be decomposed into harmonic components and arbitrary signals to be

represented by their frequency spectra [2].

In communication systems, frequency-domain analysis plays a crucial role. For efficient
transmission of information via electromagnetic waves, low-frequency signals are typi-
cally shifted to higher frequency ranges. This process, known as modulation, enables
wireless transmission, improves signal-to-noise ratios, and allows multiple signals to share
a common transmission medium. In particular, amplitude modulation (AM) modifies the
amplitude of a high-frequency carrier wave according to a lower-frequency information
signal. The resulting spectrum contains the carrier frequency as well as sidebands that

encode the transmitted information.

The present experiment focuses on harmonic analysis and amplitude modulation. The
primary objective is to investigate the frequency spectra of various periodic signals and
to compare different methods of spectral analysis. A frequency-mixing measurement
technique using a modulator and a band-pass filter is employed to resolve individual
frequency components. The results are compared with Fast Fourier Transform (FFT)
measurements obtained from a digital oscilloscope and with numerical Fourier analysis of

digitally recorded data.

Furthermore, the transfer functions of linear systems such as low-pass, high-pass, and
band-pass filters are examined. Their influence on signal spectra is analyzed in terms of
amplitude response, resonance behavior, and quality factor. Special attention is given
to balanced amplitude modulation and the determination of the degree of modulation.
Finally, the total harmonic distortion (THD) is measured as a quantitative indicator of

signal purity.

This experiment, therefore, combines theoretical concepts of Fourier analysis and the
frequency response of linear systems with practical measurement techniques used in signal

processing and telecommunications.
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Experiment

The experimental arrangement is designed to investigate amplitude modulation and to
perform harmonic (frequency) analysis of periodic signals. A schematic overview of the
setup is shown in the laboratory manual. The system consists of a signal source, a
modulator, a band-pass filter, a rectifier, measurement instruments, and a computer for

data acquisition.

Signal Sources

Two function generators are used. One generator provides the high-frequency carrier
signal fo, while the second generator produces the low-frequency modulation signal f,.
Depending on the measurement task, different waveforms (sinusoidal, rectangular, trian-
gular, or pulse signals) can be selected.

For frequency-selective measurements, the carrier frequency can be varied linearly in time
by means of a ramp generator. The ramp voltage controls a voltage-controlled oscillator

(VCO), allowing a continuous scan of the frequency range of interest.

Modulator

The modulation is performed using an analogue multiplier. The device multiplies the
carrier signal with the modulation signal, resulting in an amplitude-modulated output
signal. The modulation depth can be adjusted via offset voltages, which allow operation
in standard amplitude modulation or in balanced modulation (carrier suppression).

The amplification factor of the modulator is approximately constant within its linear

operating range. Care must be taken to avoid overmodulation or saturation effects.

Band-Pass Filter

After modulation, the signal is fed into a third-order band-pass filter with a fixed resonance
frequency of approximately 90 kHz. The filter exhibits a high quality factor (¢ ~ 100),
providing strong frequency selectivity.

By sweeping the carrier frequency, individual spectral components of the modulation
signal are shifted into the resonance range of the filter. Only frequency components
within the narrow bandwidth of the filter are transmitted with significant amplitude.

This enables selective measurement of single harmonics.

Rectifier and Amplitude Measurement

The filtered signal is passed through a precision rectifier. The rectifier converts the alter-

nating signal into a proportional DC voltage, allowing accurate amplitude measurements.
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Depending on the selected amplification factor, small signals can be measured with in-
creased sensitivity. The output voltage of the rectifier is recorded either with multimeters

or displayed on the oscilloscope.

Oscilloscope and Data Acquisition

Both an analogue and a digital oscilloscope are used. The analogue oscilloscope enables
direct visualization of time-domain signals and x-y plots (e.g. for the modulation trape-
zoid). The digital oscilloscope allows Fast Fourier Transform (FFT) analysis and digital
storage of measured data.

The recorded data can be transferred to a computer for numerical Fourier analysis and

comparison with theoretical Fourier coefficients.

Measurement Strategy

The experiment proceeds by first characterizing the individual components (rectifier and
filter), followed by measurements of amplitude-modulated signals. Subsequently, Fourier

spectra of various periodic signals are recorded using three different methods:

o frequency-selective measurement with the band-pass filter,
o FFT analysis using the digital oscilloscope,

o numerical Fourier transformation of stored signal data.

Finally, the total harmonic distortion (THD) of selected signals is determined from their

measured spectra.
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Results
Characteristics of the Rectifier (Raw Data)

Table 1: Rectifier raw data for the K7 and Kjq settings.

K setting
Vin (V) Vous (V) K setting
ATl Voo (V) Vo (V)
5.03 4.40
4.71 41.2
7.43 6.43
5.07 44.5
9.78 8.53
7.41 64.5
12.10 10.60
9.94 86.5
14.70 12.80
12.10 105
18.30 16.00
14.60 128
21.40 18.80
15.30 135
23.40 20.30
15.80 139
26.00 22.60
16.00 141
30.20 26.80
16.40 141
37.40 33.60
18.50 141
42.20 37.90
21.30 141
46.80 42.20
23.30 141
50.40 45.40
30.20 141
55.50 49.60
40.20 141
61.20 54.90
50.30 141
65.30 58.70
74.50 141
70.50 63.40
74.50 67.00
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Characteristics of the Filter (Raw Data)

Table 2: Raw measurement data used for the characterization of the band-pass filter.

(a) Band-pass filter raw data for linear- (b) Band-pass filter resonance curve raw
ity test (measured close to resonance). data (Vi, = 3.74V constant).
Vin (V) Vour (V) f (kHz)  Voue (V)
4.67 2.28 59.8 0.511
5.05 2.51 70.5 0.522
7.56 3.60 80.6 0.526
10.00 4.75 85.1 0.527
15.10 7.26 88.9 0.532
19.90 9.51 91.8 0.545
25.10 12.00 93.8 0.552
30.00 14.50 95.9 0.563
35.10 16.90 98.2 0.542
39.90 19.20 100.0 0.530
45.00 21.60 105.1 0.523
50.20 23.90 110.2 0.522
55.10 26.20
60.10 28.70
65.10 31.00
68.90 32.80
73.90 35.10

Balanced Modulation (Raw Data)

Two oscilloscope recordings of the amplitude-modulated signal were used for the later
determination of the modulation depth: an X-Y plot of the signal and a conventional
time-domain oscilloscope trace (KO display). In both cases, the relevant vertical heights
were measured directly from the screenshots using the Screen Ruler utility from Microsoft

PowerToys at a zoom level of 400%.
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Figure 1: X-=Y plot of the amplitude-modulated signal showing the characteristic trapezoidal pattern.
The horizontal axis corresponds to the modulating signal, while the vertical axis corresponds to the AM

signal. The maximum and minimum vertical extensions of the trapezoid were used for the determination
of the modulation depth.

For the X—=Y method, the measured vertical heights of the trapezoid were

Hupox = 1315 px,  Hypin = 318 px.

@D Peak-Peak 3 ” &P Cycle RMS 4,64V

@D Period ~ 2892us || @ Frequency
(@D 500V @ 200V [M100us  J(chl--2.40v
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Figure 2: Time-domain oscilloscope trace of the amplitude-modulated signal (KO display). The maximum
and minimum vertical signal heights, Hya.x and Hp,, were determined from the envelope and used for
the time-domain evaluation of the modulation depth.

For the time-domain method, three repeated measurements were taken from the envelope.

The measured values were
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Hpax = (1135, 1136, 1130) px,  Hym = (179, 177, 182) px.

Finding Fourier Spectra (Extracted Peak Values)

Sinusoidal signal (Top peaks from FFT export)

Table 3: Extracted dominant spectral peaks from SinusoidalFFT.CSV.

Frequency (Hz) Amplitude (dB)

34 524.94 —6.59
103574.81 —11.79
89 271.62 —21.39
92724.12 —34.99
95683.40 —36.99
84 339.49 —40.99
86 805.55 —42.59
82 859.85 —42.99
78914.14 —44.99
73982.01 —45.79

Triangular signal (Top peaks from FFT export)

Table 4: Extracted dominant spectral peaks from TriangularFFT.CSV.

Frequency (Hz) Amplitude (dB)

34 524.94 16.21
103574.81 —-3.39
310231.22 —22.19
448 330.96 —28.59
492720.17 —29.79
423 177.08 —-30.99
354620.42 —32.59

69 049.87 —-32.99
138 099.75 —32.99

78 420.93 -36.19
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Total Harmonic Distortion (Raw Peak Values)

The amplitudes of the dominant harmonic components were obtained from the FFT
spectrum measured with the oscilloscope. These peak values serve as the raw data for

the later evaluation of the total harmonic distortion (THD).

Table 5: Measured amplitudes of the first harmonic components extracted from the FFT
spectrum and used for the THD calculation.

Harmonic index n Amplitude (dB)

28.2
—12.5
—16.1

Pos 278.0kHz [ cursor

Cursor 2

108.337kHz |
Mar 02, 2026, 2011

Figure 3: FFT spectrum of the measured signal showing the fundamental component and higher harmonic
peaks used for the determination of the total harmonic distortion.
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Data Analysis

Characteristics of the Rectifier

The transmission characteristics of the precision rectifier were measured for both gain
settings K; and Kjo. In each case, a linear model constrained through the origin was

used:

‘/;)ut - Kz ‘/in- (]—)

For the K setting, using all measured points, the fit yielded
K; =0.8962 £ 0.0018 (2)

For the K, setting, linear behavior was observed only up to Vi, < 16.0 V. Restricting
the fit to this region gave
Ko = 8.774 % 0.018. (3)

Above Vi, &~ 16 V, the output voltage saturated at approximately V,; ~ 141 V, indicating

the limit of the linear operating range.
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Figure 4: Measured transfer characteristics of the rectifier for the K; and Kj( settings. The dashed
lines indicate the linear fits to the data. For the Kjg configuration the output voltage saturates above
Vin = 16 V.

Characteristics of the Filter (Linearity)

The linear operating range of the band-pass filter was investigated by measuring V,,; as

a function of Vj, close to resonance. A linear regression yielded

Vous = (0.4752 + 0.0009) Vi, + (0.10 + 0.04) V, (4)
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with a coefficient of determination
R? = 0.99994. (5)
confirming highly linear behavior in the investigated amplitude range.

Band-pass Filter: V,,; vs Vj,,
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Figure 5: Measured output voltage Vo, as a function of the input voltage Vi, for the band-pass filter at
resonance. The dashed line represents the linear regression used to determine the filter gain.

In addition, the gain

“=7, (6)

was evaluated as a function of Vi,, showing an approximately constant value around

G = 0.477 + 0.001, within measurement uncertainties.

Characteristics of the Filter (Resonance Curve)

The frequency response of the band-pass filter was investigated for a constant input voltage

Vin = 3.74 V. The gain was defined as

Vout (f
6p) = Y] )
Before analyzing the resonance behavior, the ratio V. /Vi, was examined as a function of
the input voltage. Figure 6 shows that the gain remains approximately constant within
the measurement uncertainties over the investigated voltage range. This indicates that

the filter operates linearly under the chosen excitation conditions.

10
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Figure 6: Measured gain 20log;,(G) of the band-pass filter as a function of the excitation frequency
f. The data points represent the measured values with their propagated uncertainties. The solid curve
shows the Lorentzian fit used to determine the resonance frequency fy and the bandwidth of the filter.
The dashed vertical line indicates the fitted resonance frequency.

To determine the resonance properties of the band-pass filter, the gain was then measured

as a function of frequency. The resulting resonance curve was fitted with a Lorentzian

model,

G(f) =y +

e (58

(8)

where f is the resonance frequency and + is the half-width at half-maximum (HWHM).

Figure 7 shows the measured gain in decibels together with the fitted Lorentzian function.

11
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Figure 7: Measured gain G = Vut/Vin as a function of the input voltage Vi,. The error bars represent
the propagated uncertainty resulting from the measurement uncertainty of V.

The fit yielded a resonance frequency of

fo=(95.0 + 0.8) kHz, (9)

and a half-width at half-maximum of

v = (3.7+ 1.6) kHz. (10)

From this, the full width at half maximum was obtained as

FWHM = 2v = (7.4 4 3.2) kHz, (11)

which gives the quality factor

—fo
@= FWHM

The maximum gain of the filter was found to be

=13 +5. (12)

Gmax = 0.1500 4 0.0024, (13)

20108 (Grnax) = (—16.48 4 0.14) dB. (14)

12
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Influence of f;;, Modulation Depth m, and Offset OS

Change of Modulation Frequency fj,

Changing the modulation frequency f,; affects the temporal behavior of the envelope and
the spacing of the spectral components. Increasing fj, results in a faster oscillation of the

envelope in the time domain. In the frequency spectrum, the sidebands appear at

[=Jfe=xfu, (15)

where f¢ is the carrier frequency. Therefore, increasing fj; increases the distance between

the carrier peak and the sidebands, while decreasing f3; reduces this spacing.

Change of Modulation Depth m

Adjusting the MOD control changes the modulation depth m and therefore the maximum
and minimum values of the envelope. A larger modulation depth increases the difference
between envelope maximum and minimum, resulting in a stronger amplitude variation.
In the frequency spectrum, increasing m increases the amplitude of the sidebands relative

to the carrier.

Change of Offset OS

Changing the OFFSET modifies the DC component of the modulating signal and affects
the symmetry and overall shape of the envelope. Depending on the offset value, the
envelope may appear shifted or distorted. If the offset is adjusted such that the carrier
component is suppressed, the system approaches balanced modulation, where the carrier

peak in the frequency spectrum disappears.

Determination of the Modulation Depth

The modulation depth m of the amplitude-modulated signal was determined using three
independent methods: from the X-Y plot, from the time-domain oscilloscope trace (KO
display), and from the frequency spectrum. Ideally, the modulation depth should be
determined from three independent data sets for each of the three methods. However,
only one recorded data set was available for each method in the present experiment, so
the following analysis is based on one data set per method. For the first two methods, the
relevant vertical dimensions were measured directly from screenshots in pixel units using
the Screen Ruler utility from Microsoft PowerToys.
In the following, the modulation depth is defined as

Amax — Amin

"= Amax + Amin’ <16)

13
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where A,.x and A, denote the maximum and minimum envelope amplitudes, respec-
tively. In practice, the full vertical signal heights H,,., and H,;, were measured instead

of the amplitudes themselves. Since

H H.;
Amax — max) Amm — min ’ 17
the same expression can equivalently be written as
Hmax - Hmin (18)
m=——.
Hmax + Hmin

Thus, the quantities A and H are used interchangeably in the following wherever only

their ratio enters the calculation of m.

Determination of the Modulation Depth via X-Y Plot

In X-Y mode, the modulating signal was connected to the horizontal axis and the AM
signal to the vertical axis, resulting in the characteristic trapezoidal pattern. The maxi-
mum and minimum vertical extensions of the trapezoid were measured directly from the

screenshot fig. 1. The measured values were
Hyax = (1315 £ 5) px, Hyin = (318 £ 5) px.

A conservative uncertainty of 5px was assigned to both values to account for the finite
line thickness, limited image sharpness, and the manual placement of the measurement

markers. Using eq. 18 the modulation depth was found to be

m = 0.611 + 0.005. (19)

Determination of the Modulation Depth via Time-Domain Oscilloscope Trace

In the normal oscilloscope time-domain display (KO), the envelope of the amplitude-
modulated signal was used to determine the maximum and minimum vertical signal

heights. Three repeated measurements were taken from the screenshot fig. 2, yielding
Hyax = (1135, 1136, 1130) px, Hyin = (179, 177, 182) px.
From these values, the mean heights and their uncertainties were obtained as

Hypayx = (1133.74+1.9) px,  Hpn = (179.3 + 1.5) px.

14
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Using eq. 18 the modulation depth was determined to be

m = 0.7268 £ 0.0019. (20)

Determination of the Modulation Depth via Frequency Spectrum

In the FFT spectrum of the amplitude-modulated signal, the carrier peak and the two
sidebands were identified manually from the recorded spectrum. The selected peak fre-

quencies were
fusp = 705.3 Hz, fo =754.6 Hz, fuss = 803.9 Hz.
The corresponding amplitudes read from the FFT trace were
Arsg = —32.95 dB, Ac = 13.45 dB, Aysp = —33.75 dB.

Since the FFT amplitudes were given in decibels, they were converted to linear amplitudes

according to
Ay = 10448/20, (21)

For an amplitude-modulated signal with carrier, the sideband amplitudes satisfy
m
Arsp = Aus = EAC“

Thus, the modulation depth can be obtained from the spectrum using

_ Ars + Auss
m= — 22

22
- (22)

Using Eq. (21) and Eq. (22), the modulation depth was found to be
m = 0.0092 % 0.0004. (23)

15
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Modulation depth from FFT spectrum
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Figure 8: FFT spectrum of the amplitude-modulated signal. The carrier peak and the two sidebands
used for the spectral determination of the modulation depth are marked.

Comparison of the Three Methods

For clarity, the modulation depths obtained with the three independent methods are
summarized in Table 6. The X—Y plot and the time-domain oscilloscope trace yield values
of the same order of magnitude, whereas the value obtained from the FFT spectrum is

significantly smaller.

Table 6: Comparison of the modulation depth determined by the three evaluation meth-
ods.

Method Modulation depth m
X-Y plot 0.611 4 0.005
Time-domain oscilloscope trace (KO) 0.727 £ 0.002
Frequency spectrum (FFT) 0.0092 £ 0.0004

16
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Finding Fourier Spectra

The Fourier spectra of different periodic input signals were analyzed using the FFT func-
tion of the digital oscilloscope. The exported spectra were evaluated by identifying the
dominant spectral peaks and comparing their positions with the expected harmonic fre-
quencies.
For both the sinusoidal and triangular signals, the strongest component was found near
f1 =~ 34.5 kHz, (24)
which is identified as the fundamental frequency of the excitation signal. Additional peaks
at higher frequencies were interpreted as harmonic components.

Sinusoidal Signal

For the sinusoidal signal, the dominant spectral peak was found at

fi=(345+03) kHz, A, =(—6.6+0.4) dB. (25)

A further pronounced component appeared at

f3=(103.6+0.3) kHz, A3 = (—11.8 +0.6) dB. (26)

Since

103.6 kHz ~ 3 - 34.5 kHz, (27)

this peak can be assigned to the third harmonic. Ideally, a purely sinusoidal signal should
contain only the fundamental frequency. The appearance of higher-frequency components
therefore indicates deviations from an ideal sine wave, for example due to signal distortion,

limited generator quality, or instrumental effects of the measurement chain.

17
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Figure 9: FFT spectrum of the sinusoidal signal. The dominant peak corresponds to the fundamental
frequency at approximately 34.5 kHz, while a smaller peak is visible near the third harmonic at approx-
imately 103.6 kHz.

Triangular Signal

For the triangular signal, the fundamental component was observed at

fi=(3454+03) kHz, A, = (16.2+0.4) dB. (28)

A pronounced higher harmonic was found at

f3=(103.6 +£0.3) kHz, A3 = (—3.4+0.6) dB. (29)

Again,

103.6 kHz ~ 3 - 34.5 kHz, (30)

so this component is identified as the third harmonic. This is consistent with the Fourier
series of a triangular waveform, which contains predominantly odd harmonics, while the
amplitudes decrease strongly with increasing harmonic order. Compared with the sinu-

soidal signal, the triangular signal therefore exhibits a richer harmonic structure.

18
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FFT spectrum (exported) - TriangularFFT.CSV
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Figure 10: FFT spectrum of the triangular signal. Besides the fundamental frequency at approximately
34.5 kHz, a clear third harmonic near 103.6 kHz is visible, as expected for a triangular waveform.

Comparison of the Spectra

The extracted dominant spectral components are summarized in Table 7. In both cases,
the fundamental frequency is located at approximately 34.5 kHz. For the sinusoidal sig-
nal, the spectrum is dominated by the fundamental component, with only a comparatively
weak higher harmonic. For the triangular signal, higher harmonics are more clearly vis-
ible, in agreement with the expected Fourier decomposition of a non-sinusoidal periodic

waveform.

Table 7: Dominant spectral peaks extracted from the FFT spectra.

Signal Frequency (kHz) Amplitude (dB)
Sinusoidal 34.5+0.3 —6.6 0.4
Sinusoidal 103.6 £ 0.3 —11.8+0.6
Triangular 34.5+0.3 16.2£0.4
Triangular 103.6 £ 0.3 —34+0.6

Overall, the FFT analysis confirms the expected spectral behavior of the investigated
signals. The sinusoidal waveform is characterized mainly by its fundamental frequency,
whereas the triangular waveform contains pronounced odd harmonics. Small additional
peaks and fluctuations in the spectra can be attributed to measurement noise, the finite

frequency resolution of the FFT, and non-ideal signal generation.

Determining the Total Harmonic Distortion

To quantify the distortion of a low-quality sinusoidal signal, the total harmonic distortion
(THD) was determined from the measured Fourier spectrum. The FFT spectrum recorded

on the oscilloscope is shown in Figure 11.

19
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Figure 11: FFT spectrum of a distorted sinusoidal signal measured with the oscilloscope. The cursor
positions mark the amplitudes used to determine the harmonic distortion.

From the spectrum, the three dominant components were identified as:

A =(282+0.1)dB,  Ay=(—125+0.1)dB,  Ay=(-16.14+0.1)dB. (31)

Here A; represents the amplitude of the fundamental frequency, while A; and As corre-
spond to higher harmonic components.
Since the FFT amplitudes are given in decibel units, they were first converted to linear

amplitudes using

Ay = 10%4a8/20, (32)

The total harmonic distortion (THD) is defined as the ratio of the root-mean-square

amplitude of the harmonic components to the amplitude of the fundamental frequency:

A3+ A3
THD = sz” (33)
A

Using the measured amplitudes, the distortion was calculated as

THD ~ 0.0111 + 0.0002 = (1.11 % 0.02)%. (34)

This result indicates that the investigated signal contains a small but measurable con-
tribution from higher harmonics. Ideally, a perfect sinusoidal signal would exhibit only
the fundamental frequency in the Fourier spectrum, corresponding to a THD of zero.
The observed distortion can be attributed to imperfections of the signal generator and

measurement electronics.

20
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Discussion

The performed measurements allow a comprehensive investigation of harmonic analysis
and amplitude modulation using both frequency-selective techniques and Fourier-based
spectral analysis. Overall, the experimental results show good agreement with the theoret-
ical expectations for linear systems, modulation behavior, and Fourier spectra of periodic

signals.

The characteristics of the precision rectifier were first examined for the gain settings K,
and Kjg. For the lower gain setting, the measured data followed a linear relation between
Vous and Vi, yielding a proportionality factor of K7 = 0.8962+0.0018. This confirms that
the rectifier operates approximately linearly in this regime. For the higher gain setting,
linear behavior was observed only for input voltages up to approximately Vi, < 16 V.
Beyond this limit, the output voltage saturated at about 141 V, indicating the maximum
output range of the rectifier electronics. Such saturation effects are expected in practical

circuits due to limited supply voltages and amplifier constraints.

The linearity of the band-pass filter was investigated close to its resonance frequency. The
measured relation between V,,; and Vi, showed excellent linear behavior with a regression
coefficient R? = 0.99994. This confirms that the filter operated within its linear regime for
the investigated amplitude range. The measured gain of approximately G = 0.477+0.001
remained nearly constant over the investigated voltage interval, indicating that no signif-

icant nonlinear effects or signal distortions occurred during these measurements.

The resonance behavior of the band-pass filter was analyzed by measuring the gain as a
function of frequency. A Lorentzian function provided a good description of the measured
resonance curve. The fit yielded a resonance frequency of fo = (95.0£0.8) kHz and a full
width at half maximum of FWHM = (7.4 + 3.2) kHz, corresponding to a quality factor
of ) =~ 13 + 5. The comparatively small quality factor compared to the value suggested
in the laboratory manual can be attributed to additional damping in the circuit, non-
ideal electronic components, and the finite bandwidth of the measurement electronics [1].
While the laboratory description suggests a considerably higher theoretical quality factor,
the experimentally observed value is smaller. This discrepancy can be attributed to sev-
eral factors, including additional damping in the electronic components, non-ideal filter
elements, and measurement uncertainties in the amplitude determination. In practical
analog filters, such deviations from ideal behavior are common due to resistive losses and

finite component tolerances.
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The behavior of amplitude modulation was investigated using three independent methods
for determining the modulation depth: the X-Y plot, the time-domain oscilloscope trace
(KO display), and the frequency spectrum. In X-Y mode, the oscilloscope showed the
characteristic trapezoidal pattern of an amplitude-modulated signal, from which a mod-
ulation depth of m = 0.611 & 0.005 was obtained. The evaluation of the time-domain
envelope yielded m = 0.727 4+ 0.002, which is of the same order of magnitude, although
somewhat larger than the value obtained from the X-Y plot. Both results indicate mod-
erate modulation, for which the envelope remains clearly visible and no overmodulation

occurs.

In contrast, the modulation depth obtained from the FFT spectrum, m = 0.0092+0.0004,
is significantly smaller than the values determined by the other two methods and is there-
fore not consistent with them. This strongly suggests that the spectral evaluation is
affected by systematic errors or by an incorrect identification of the relevant sideband
amplitudes. Possible reasons include the limited frequency resolution of the recorded
FFT trace, insufficient separation of the sidebands from nearby spectral peaks, inaccu-
racies in the manual peak selection, or additional spectral components and noise. The
FFT-based result should therefore be treated with caution.

The Fourier spectra obtained from the digital oscilloscope further illustrate the spectral
composition of periodic signals. For the sinusoidal waveform, the spectrum was dominated
by a strong fundamental component at approximately (34.5+0.3) kHz. A smaller peak at
about (103.6 4+ 0.3) kHz corresponds to the third harmonic. Ideally, a perfect sinusoidal
signal should contain only the fundamental frequency; therefore, the presence of higher
harmonics indicates slight distortions of the generated waveform or measurement artifacts

in the signal chain.

For the triangular signal, the spectrum contained a more pronounced harmonic structure.
In addition to the fundamental frequency, a clear third harmonic was observed, which is
consistent with the Fourier series representation of a triangular waveform. Such signals
are known to contain only odd harmonics, with amplitudes decreasing rapidly with in-
creasing harmonic order. The experimental spectra, therefore, qualitatively confirm the

theoretical harmonic content of triangular signals.

Finally, the total harmonic distortion of a deliberately degraded sinusoidal signal was
determined from its Fourier spectrum. The calculated value of THD ~ (1.11 £ 0.02)%
indicates that only a small fraction of the signal power is contained in higher harmonics.
Although this distortion is clearly measurable, the signal can still be considered relatively

pure. The remaining harmonic components are most likely caused by imperfections of the
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signal generator, nonlinearities in the electronic components, and the finite resolution of

the FFT measurement.

Overall, the experiment demonstrates the close connection between time-domain signals
and their frequency-domain representation. The combination of frequency-selective filter-
ing, FFT analysis, and numerical evaluation provides consistent results and confirms the

theoretical predictions of Fourier analysis and linear system response.

23



Department of Physics, ETH Zurich Harmonic Analysis

Conclusion

In this experiment, harmonic analysis of periodic signals was investigated using both
frequency-selective measurements and Fourier-based spectral analysis. The characteris-
tics of the precision rectifier and of the band-pass filter were successfully determined,
showing linear behavior within the expected operating ranges. For the filter, the reso-
nance frequency was found to be fy = (95.0 & 0.8) kHz, with a corresponding full width
at half maximum of FWHM = (7.4 + 3.2) kHz and a quality factor of ) = 13 £+ 5.

The behavior of amplitude modulation was examined using three independent methods
for determining the modulation depth. The XY plot yielded m = 0.61140.005, while the
time-domain oscilloscope trace gave m = 0.727 £ 0.002. These two values are of the same
order of magnitude and both indicate moderate modulation without overmodulation. In
contrast, the value obtained from the FFT spectrum, m = 0.0092 £ 0.0004, was signifi-
cantly smaller and therefore not consistent with the other two methods. This discrepancy
suggests that the spectral determination was affected by systematic uncertainties, most
likely related to the identification of the relevant sideband amplitudes and the limited

resolution of the available FFT trace.

Furthermore, the Fourier spectra of sinusoidal and triangular signals were analyzed using
the FFT function of the digital oscilloscope. The measured spectra confirmed the ex-
pected harmonic structure of the signals: the sinusoidal waveform was dominated by its
fundamental frequency, while the triangular waveform exhibited a more pronounced odd-
harmonic content, including a clear third harmonic. Finally, the total harmonic distortion
of a distorted sinusoidal signal was determined to be THD = (1.11 £ 0.02)%, indicating a

small but measurable contribution from higher harmonics.

Overall, the experiment demonstrates the close connection between time-domain sig-
nals and their frequency-domain representation. With the exception of the FFT-based
modulation-depth determination, the measurements are consistent with the theoretical

expectations of Fourier analysis, amplitude modulation, and linear system response.
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Python Code

import
import

import

import
import

import

os
glob

re

numpy as np
pandas as pd
matplotlib.pyplot as plt

from scipy.stats import linregress

from scipy.optimize import curve_fit

from scipy.signal import find_peaks

# K1 data

V_in_ki

= np.array([

4.71, 5.03, 7.43, 9.78, 12.1,

30.

D

2, 37.4, 42.2, 46.8, 50.4,

V_out_k1 = np.array([
4.11, 4.40, 6.43, 8.53, 10.6,

26.
T D

8, 33.6, 37.9, 42.2, 45.4,

# K10 data
V_in_k10 = np.array([
4.71, 5.07, 7.41, 9.94, 12.1,

18.

D

5, 21.3, 23.3, 30.2, 40.2,

V_out_k10 = np.array([

41.

2, 44.5, 64.5, 86.5, 105,

141, 141, 141, 141, 141, 141,

14.
55.

12.

49.6

14.

50.3

128,
141

7, 18.3, 21.4, 23.4,
5, 61.2, 65.3, 70.5,

8, 16.0, 18.8, 20.3,

, 54.9, 58.7, 63.4,

6, 156.3, 15.8, 16.0,

, 74.5

135, 139, 141, 141,

# Measurement uncertainty (output only)

26

26.0,
74.5

22.6,
67.0

16.4,



42 V_out_err_kl = np.
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full_like(V_out_k1, 0.1, dtype=float)

43 V_out_err_k10 = np.full_like(V_out_k10, 0.1, dtype=float)

44

51

# Fit through origin: V_out = K * V_in

52 # with standard error from residuals

54 def fit_through origin with_error(x: np.ndarray, y: np.ndarray):

59

60

61

62

63

64

66

67

68

69

H O H OH R
|

def

nmnn

Least-squares
Returns:
K
K_err
y_fit
resid
K= (x@ey) /
y_fit

K *x x

resid =y - y_

n = len(x)

fit through the origin: y = Kxx

: fitted slope

standard error of slope from residual scatter

: fitted y values

: residuals

(x @ %)

fit

# standard error of slope for fit through origin

K_err = np.sqrt((resid @ resid) / ((n - 1) * (x @ x)))

return float(K), float(K_err), y_fit, resid

Rounding helper
Rule:

usually 1 significant digit in uncertainty

2 significant

value rounded

digits if first digit is 1 or 2

to same decimal place as uncertainty

round_value_uncertainty(value: float, uncertainty: float):

if uncertainty <= 0 or not np.isfinite(uncertainty):

return value, uncertainty, str(value), str(uncertainty)
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exponent

int(np.floor(np.loglO(abs(uncertainty))))

mantissa = abs(uncertainty) / (10 ** exponent)

# 2 sig figs if leading digit is 1 or 2, else 1 sig fig

sig_figs = 2 if mantissa < 3 else 1

decimals = -exponent + (sig_figs - 1)

uncertainty_rounded = round(uncertainty, decimals)

value_rounded = round(value, decimals)

value_str = f"{value_rounded:.{decimals}f}"

uncertainty_str = f"{uncertainty_rounded:.{decimals}f}"

return value_rounded, uncertainty_rounded, value_str, uncertainty_str

mask_k10_linear = V_in_k10 <= cutoff_k10

K10, K10_err, _, _ = fit_through origin_ with_error(

V_in_k10[mask_k10_linear],
V_out_k10[mask_k10_linear]

# Rounded values for report output

Ki_r, Kl _err_r, K1_str, Kl_err_str = round_value_uncertainty(K1l, Ki_err)

K10_r, K10_err_r, K10_str, K10_err_str

print("Raw fit results:")

print(f"K1 = {K1:.6f} pm {K1_err:.6f}")
{K10:.6f} pm {K10_err:.6f}")

print (£"K10

print ("\nReport-ready rounded results:")

print (£"K1
print (£"K10

{K1_str} pm {K1_err_str}")
{K10_str} pm {K10_err_str}")
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fig, ax = plt.subplots(l, 2, figsize=(12, 4.8))

# -———— K1 —-——-

ax [0] .errorbar(
V_in k1, V_out_ki1,
yerr=V_out_err_kli,
fmt="0",
markersize=4,
markerfacecolor="white",
markeredgewidth=1.0,
capsize=3,
elinewidth=1.1,
barsabove=True,

zorder=3,

label=r"Measured data ($\sigma_{V_{\mathrm{out}}}=0.1\ \mathrm{V}$)"

xline_kl = np.linspace(0, V_in_kl.max() * 1.05, 300)

ax[0] .plot(
xline_k1, K1 * xline_ ki1,
linestyle="--",
linewidth=1.5,

label=rf"Fit: $V_{{out}} = ({Ki_str}\pm {K1_err_str})\,V_{{in}}$"

ax[0] .set_title(r"Rectifier $K_1$")
ax[0] .set_xlabel(r"$V_{in}$ (V)")
ax[0] .set_ylabel(r"$V_{out}$ (V)")
ax[0] .grid(True, alpha=0.3)

ax[0] .legend (fontsize=9)

# ———— K10 ———-

ax[1] .errorbar(
V_in_ k10, V_out_k10,
yerr=V_out_err_ki10,
fmt="0",

markersize=4,
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190

191

192

193

194

195

196

197

198

201

202

203

204

Department of Physics, ETH Zurich Harmonic Analysis

markerfacecolor="white",
markeredgewidth=1.0,
capsize=3,
elinewidth=1.1,
barsabove=True,
zorder=3,

label=r"Measured data ($\sigma_{V_{\mathrm{out}}}=0.1\ \mathrm{V}$)"

xline_k10 = np.linspace(0, cutoff_k10, 300)
ax[1] .plot(
xline_k10, K10 * xline_k10,
linestyle="--",
linewidth=1.5,
label=rf"Fit ($V_{{in}}\leq {cutoff_k10:.1f}\,\mathrm{{V}}$): "
rf"$V_{{out}} = ({K10_str}\pm {K10_err_str})\,V_{{in}}$"

ax[1] .axvline(
cutoff_ k10,
linestyle="--",
linewidth=1.2,
label=rf"Cutoff: $V_{{in}}={cutoff_k10:.1£f}\,\mathrm{{V}}$"

ax[1] .set_title(r"Rectifier $K_{10}$")
ax[1] .set_xlabel(r"$V_{in}$ (V)")
ax[1].set_ylabel (r"$V_{out}$ (V")
ax[1] .grid(True, alpha=0.3)

ax[1] .legend (fontsize=9)

plt.tight_layout ()
plt.show()

V_in = np.array([
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4.67, 5.05, 7.56, 10.0, 15.1, 19.9, 25.1, 30.0,
35.1, 39.9, 45.0, 50.2, 55.1, 60.1, 65.1, 68.9, 73.9

1, dtype=float)

V_out = np.array([

2.28, 2.51, 3.60, 4.75, 7.26, 9.51, 12.0, 14.5,
16.9, 19.2, 21.6, 23.9, 26.2, 28.7, 31.0, 32.8, 35.1

1, dtype=float)

# Measurement uncertainty (output only)

err_out = np.full_like(V_out, 0.1, dtype=float)

def

H = = O H
|

def

linear_model(x, a, b):

return a * x + b

Rounding helper
Rule:

uncertainty usually 1 significant digit
use 2 significant digits if first digit is 1 or 2

value rounded to same decimal place as uncertainty

round_value_uncertainty(value: float, uncertainty: float):

if uncertainty <= 0 or not np.isfinite(uncertainty):

return str(value), str(uncertainty)

exponent = int(np.floor(np.loglO(abs(uncertainty))))

mantissa = abs(uncertainty) / (10 ** exponent)

sig_figs 2 if mantissa < 3 else 1

decimals = -exponent + (sig_figs - 1)

value_rounded = round(value, decimals)

uncertainty_rounded = round(uncertainty, decimals)
value_str = f"{value_rounded:.{decimals}f}"

uncertainty_str = f"{uncertainty_rounded:.{decimals}f}"

return value_str, uncertainty_str
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246

247 # ———mmmmmmm e

248 # Unweighted fit

249 # -> parameter errors come from residual scatter
250 # ———m—mmm e

251 popt, pcov = curve_fit(linear_model, V_in, V_out)
252 slope, intercept = popt

253 slope_err, intercept_err = np.sqrt(np.diag(pcov))

258 V_fit = linear_model(V_in, slope, intercept)

259 ss_res = np.sum((V_out - V_fit) ** 2)

260 ss_tot = np.sum((V_out - np.mean(V_out)) ** 2)

261 R2 = 1.0 - ss_res / ss_tot

262

263 # ————————————mm

264 # Rounded values for report

265 [

266 slope_str, slope_err_str = round_value_uncertainty(slope, slope_err)

267 intercept_str, intercept_err_str = round_value_uncertainty(intercept,
intercept_err)

268

260 [

270 # Print output

27 [ i

272 print("Raw fit results:")

{slope:.8f} pm {slope_err:.8f}")

274 print(f"intercept = {intercept:.8f} pm {intercept_err:.8f} V")

{R2:.8f}")

273 print(£"slope

275 print (£"R™2

277 print ("\nReport-ready rounded results:")

278 print (f"slope {slope_str} pm {slope_err_str}")
279 print(f"intercept = {intercept_str} pm {intercept_err_str} V")

{R2:.5f}")

280 print (£"R"2
281

282 print ("\nSuggested equation for the report:")

283  print(
284 rf"V_out = ({slope_str} pm {slope_err_str}) V_in + "
285 rf"({intercept_str} pm {intercept_err_str}) V"
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286 | )

289 # Plot: V_out vs V_in with error bars
200 # ————mm———mmmm o
291 plt.figure(figsize=(7.5, 5.2))

292

293 plt.errorbar (

294 V_in,

295 V_out,

296 yerr=err_out,

297 fmt="0",

298 markersize=5,

299 markerfacecolor="white",
300 markeredgewidth=1.0,

301 capsize=3,

302 elinewidth=1.0,

303 barsabove=True,

304 zorder=3,

305 label=r"Measured data ($\sigma_{V_{\mathrm{out}}}=0.1\,\mathrm{V}$)"
306 )

307
308 xline = np.linspace(0, max(V_in) * 1.05, 300)
309 plt.plot(

310 xline,

311 linear_model(xline, slope, intercept),

312 linestyle="--",

313 linewidth=1.7,

314 label=(

315 rf"Linear fit: $V_{{out}} = ({slope_str}\pm
{slope_err_str})\,V_{{in}}$"

316 "\n"

317 rf"$\qquad\quad +\, ({intercept_str}\pm
{intercept_err_str})\,\mathrm{{V}}$"

318 )

319 )

320

321 # Optional result box inside the plot

322 summary_text = (

323 rf"$a
324 rf"$b

{slope_str}\pm {slope_err_str}$" "\n"
{intercept_str}\pm {intercept_err_str}\,\mathrm{{V}}$" "\n"

33



Department of Physics, ETH Zurich Harmonic Analysis

325 rf"$R"2 = {R2:.5f}$"

328 plt.text(

329 0.03, 0.97, summary_text,

330 transform=plt.gca() .transAxes,

331 fontsize=9,

332 verticalalignment="top",

333 bbox=dict (boxstyle="round", facecolor="white", alpha=0.9)
334 )

336 plt.xlabel(r"$V_{in}$ (VD")

337 plt.ylabel(r"$V_{out}$ (V)")

338 plt.title(r"Band-pass Filter: $V_{out}$ vs $V_{in}$")
339 plt.grid(True, alpha=0.3)

310 plt.legend(fontsize=9)

341 plt.tight_layout ()

342 plt.show()

343

344

348 # Plot 2: Gain vs V_in with propagated uncertainty

349 # Assumption: only V_out has uncertainty, V_in treated as exact

352 V_in = np.array([

353 4.67, 5.05, 7.56, 10.0, 15.1, 19.9, 25.1, 30.0,

354 35.1, 39.9, 45.0, 50.2, 55.1, 60.1, 65.1, 68.9, 73.9
355 1, dtype=float)

357 V_out = np.array([

358 2.28, 2.51, 3.60, 4.75, 7.26, 9.51, 12.0, 14.5,

359 16.9, 19.2, 21.6, 23.9, 26.2, 28.7, 31.0, 32.8, 35.1
360 ], dtype=float)

361

362 err_out = np.full_like(V_out, 0.1, dtype=float)

363

364 # Gain and propagated uncertainty

365 gain = V_out / V_in

34



366

367

368

369

370

371

372

378

379

380

381

388

389

390

391

392

393

394

395

396

397

398

399

400

402

403

404

Department of Physics, ETH Zurich

Harmonic Analysis

gain_error = err_out / V_in

# Optional: weighted mean gain

weights = 1.0 / gain_error**2

gain_mean = np.sum(weights * gain) / np.sum(weights)

gain_mean_err = np.sqrt(1.0 / np.sum(weights))

plt.figure(figsize=(7.5, 5.2))

plt.errorbar(

label=r"Measured data ($\sigma_{V_{\mathrm{out}}}=0.1\,\mathrm{V}$)"

V_in,
gain,
yerr=gain_error,
fmt="o0",
markersize=5,
markerfacecolor="white",
markeredgewidth=1.0,
capsize=3,
elinewidth=1.0,
barsabove=True,
zorder=3,

)

# Optional horizontal line for average gain

plt.axhline(
gain_mean,
linestyle="--",
linewidth=1.5,

color="tab:orange",

label=rf"Weighted mean: $G = {gain_mean:.4f} \pm {gain_mean_err:.4f}$"

# Optional textbox

summary_text = (

rf"$G = {gain_mean:.4f} \pm {gain_mean_err:.4f}$"
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7 plt

plt.
plt.
plt.
plt.
plt.
plt.
plt.

.text(

0.03, 0.97, summary_text,

transform=plt.gca() .transAxes,

fontsize=9,

verticalalignment="top",

bbox=dict (boxstyle="round", facecolor="white", edgecolor="tab:orange",
alpha=0.9)

xlabel (r"$V_{\mathrm{in}}$ (V)")

ylabel (r"$V_{\mathrm{out}}/V_{\mathrm{in}}$")
title(r"Gain vs $V_{\mathrm{in}}$")
grid(True, alpha=0.3)

legend(fontsize=9)

tight_layout ()

show ()

V_in = 3.74 # V (treated as exact here)

f_khz = np.array([59.8, 70.5, 80.6, 85.1, 88.9, 91.8, 93.8, 95.9, 98.2, 100.0,

105.1, 110.2]1)

V_out = np.array([0.511, 0.522, 0.526, 0.527, 0.532, 0.545, 0.552, 0.563,

0.542, 0.530, 0.523, 0.522])

V_out_err = np.full like(V_out, 0.010, dtype=float) # V

G:

V_out / V_in

G_err = V_out_err / V_in

G_dB = 20.0 * np.logl0(G)
G_dB_err = (20.0 / np.log(10.0)) * (G_err / G)
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# Lorentzian model in linear gain
# G(f) = yo + A / (1 + ((f - £0)/gamma)"~2)
# gamma = HWHM, so FWHM = 2*gamma

def lorentzian(f, A, fO, gamma, y0):
return yoO + A / (1.0 + ((f - £0) / gamma)**2)

# Rounding helper:
# uncertainty -> usually 1 sig fig
# use 2 sig figs if first digit is 1 or 2

# value rounded to same decimal place

def round_value_uncertainty(value: float, uncertainty: float):

if uncertainty <= O or not np.isfinite(uncertainty):

return str(value), str(uncertainty)

exponent = int(np.floor(np.loglO(abs(uncertainty))))

mantissa = abs(uncertainty) / (10 ** exponent)

sig_figs = 2 if mantissa < 3 else 1

decimals = -exponent + (sig_figs - 1)
value_rounded = round(value, decimals)

uncertainty_rounded = round(uncertainty, decimals)

value_str = f"{value_rounded:.{decimals}f}"
uncertainty_str = f"{uncertainty_rounded:.{decimals}f}"

return value_str, uncertainty_str

idx0 = np.argmax(G)
f_khz[idx0]
yO_guess = np.min(G)

f0_guess

A_guess = np.max(G) - yO_guess
gamma_guess = 5.0 # kHz

pO = [A_guess, fO_guess, gamma_guess, yO_guess]
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486

187 bounds = (

488 [0.0, f_khz.min(), le-6, -np.inf],

489 [np.inf, f_khz.max(), np.inf, np.inf]
490 )

491

192 params, cov = curve_fit(

493 lorentzian,

494 f _khz,

495 G,

496 pO=p0,

497 sigma=G_err,

498 absolute_sigma=True,
499 bounds=bounds,

500 maxfev=20000

501 | )

502

503 A_fit, fO_fit, gamma_fit, yO_fit = params
504 perr = np.sqrt(np.diag(cov))

508 # —————————————— - ——————
509 # FWHM = 2*gamma

510 FWHM_khz = 2.0 * gamma_fit

511 FWHM_err = 2.0 * perr[2]

512

513 # Q = £0 / FWHM = fO / (2*gamma)
514 Q = £0_fit / FWHM_khz

516 # full covariance propagation for Q(f0, gamma)
517 dQ_df0 = 1.0 / (2.0 * gamma_fit)

518 dQ_dgamma = -fO_fit / (2.0 * gamma_fit**2)

520 var_Q = (

521 dQ_dfOo**2 * cov[1, 1]

522 + dQ_dgamma**2 * cov[2, 2]

523 + 2.0 * dQ_df0 * dQ_dgamma * cov[1, 2]
524 )

525 Q_err = np.sqrt(var_Q)
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# G_peak = yO + A

G_peak = yO_fit + A_fit

cov[0, 0] + cov[3, 3] + 2.0 * cov[0, 3]
G_peak_err = np.sqrt(var_G_peak)

var_G_peak

# G_peak in dB
G_peak_dB = 20.0 * np.logl0(G_peak)
G_peak_dB_err = (20.0 / np.log(10.0)) * (G_peak_err / G_peak)

A_str, A_err_str = round_value_uncertainty(A_fit, perr[0])
fO_str, fO_err_str = round_value_uncertainty(f0_fit, perr[1])
gamma_str, gamma_err_str = round_value_uncertainty(gamma_fit, perr[2])

yO_str, yO_err_str = round_value_uncertainty(yO_fit, perr[3])

FWHM_str, FWHM_err_str = round_value_uncertainty(FWHM_khz, FWHM_err)

Q_str, Q_err_str = round_value_uncertainty(Q, Q_err)

Gpeak_str, Gpeak_err_str = round_value_uncertainty(G_peak, G_peak_err)

Gpeak_dB_str, Gpeak_dB_err_str = round_value_uncertainty(G_peak_dB,
G_peak_dB_err)

print("Raw fit parameters:")

{A_fit:.6f} pm {perr[0]:.6£}")
{f0_fit:.6f} pm {perr[1]:.6f} kHz")
{gamma_fit:.6f} pm {perr[2]:.6f} kHz")
{y0_fit:.6f} pm {perr([3]:.6f}")

print (£"A
print (£"£f0

print (f"gamma

print (£"yO0

print ("\nRaw derived quantities:")

print (£"FWHM {FWHM_khz: .6f} pm {FWHM_err:.6f} kHz")
print (£"Q {Q:.6f} pm {Q_err:.6£f}")

{G_peak:.6f} pm {G_peak_err:.6f}")
{G_peak_dB:.6f} pm {G_peak_dB_err:.6f} dB")

print (£"G_max

print (£"G_max
print ("\nReport-ready rounded results:")

print (£"£0 = ({fO_str} pm {fO_err_str}) kHz")
print(f"gamma = ({gamma_str} pm {gamma_err_str}) kHz")
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7 print (£"FWHM

({FWHM_str} pm {FWHM_err_str}) kHz")
{Q_str} pm {Q_err_str}")

{Gpeak_str} pm {Gpeak_err_str}")
({Gpeak_dB_str} pm {Gpeak_dB_err_str}) dB")

print (£"Q

print (f"G_max

print (£"G_max

f_smooth = np.linspace(f_khz.min(), f_khz.max(), 2000)
G_fit = lorentzian(f_smooth, #*params)

G_fit_dB = 20.0 * np.loglO0(G_fit)

plt.figure(figsize=(8.5, 5.5))

plt.errorbar(

f_khz,
G_dB,
yerr=G_dB_err,
fmt='o",
markersize=5,
markerfacecolor='white',
markeredgewidth=1.0,
capsize=3,
elinewidth=1.0,
barsabove=True,
zorder=3,
label=r"Measured data ($\sigma_{V_{\mathrm{out}}}=0.010\,\mathrm{V}$)"
)
plt.plot(
f_smooth,
G_fit_dB,
linewidth=2,
color="tab:orange",
label="Lorentzian fit"
)

plt.axvline(

40



608

609

610

611

612

613

614

616

617

618

619

620

621

629

630

631

632

633

634

635

636

637

638

639

640

641

642

643

644

646

647

Department of Physics, ETH Zurich Harmonic Analysis

fo_fit,

linestyle="--",

linewidth=1.2,

color="tab:blue",

label=rf"$f 0 = ({fO_str}\pm {f0_err_str})\,\mathrm{{kHz}}$"

summary_text = (
rf"$f_0 = ({fO_str}\pm {f0_err_str})\,\mathrm{{kHz}}$" "\n"
rf"$\gamma = ({gamma_str}\pm {gamma_err_str})\,\mathrm{{kHz}}$" "\n"
rf"$\mathrm{{FWHM}} = ({FWHM_str}\pm {FWHM_err_str})\,\mathrm{{kHz}}$" "\n"
rf"$Q = {Q_str}\pm {Q_err_str}$" "\n"
rf"$G_{{\max}} = {Gpeak_str}\pm {Gpeak_err_str}$" "\n"
r£"$20\1log_{{10}}(G_{{\max}}) = ({Gpeak_dB_str}\pm
{Gpeak_dB_err_str})\, \mathrm{{dB}}$"

# Summary box: upper left
plt.text(
0.03, 0.97, summary_text,
transform=plt.gca() .transAxes,
fontsize=9,
verticalalignment="'top',

bbox=dict (boxstyle="round", facecolor="white", alpha=0.9)

plt.xlabel ("Frequency (kHz)")

plt.ylabel(r"Gain $20\log_{10}(G)$ (dB)")
plt.title("Band-pass Filter Gain (dB) with Lorentzian Fit")
plt.grid(True, alpha=0.3)

# Legend: lower left

plt.legend(
fontsize=9,
loc="lower left",

framealpha=0.9

plt.tight_layout ()
plt.show()
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648

649

650

651 #

652 # 5.3b) Determination of the Modulation Depth: X-Y Plot

653 #

655 # Measured values from the X-Y plot

656 A_max = 1315.0
657 A_min = 318.0
658

659 # Choose your reading uncertainties in px
5.0
5.0

660 sigma_A_max

661 sigma_A_min
662

663 # Modulation depth

664 m = (A_max - A_min) / (A_max + A_min)

665

666 # Error propagation

667 sigma_m = (2.0 / (A_max + A_min)**2) * np.sqrt(

668 (A_min * sigma_A_max)**2 + (A_max * sigma_A_min)**2

669 )

670

671 print(f"m = {m:.6f} pm {sigma_m:.6f}")

672

673

674

675 # ———————

676 # 5.3 Modulation depth from time-domain envelope (KO method)
677 # Using full vertical heights H_max and H_min measured in pixels
678 # ———————

679

680 # Measured pixel heights

681 H_min = np.array([179, 177, 182], dtype=float)
np.array([1135, 1136, 1130], dtype=float)

682 H_max
683

684 # Mean values

685 H_min_mean = np.mean(H_min)

636 H_max_mean = np.mean(H_max)
687

688 # Standard error of the mean (from 3 measurements)
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H_min_err = np.std(H_min, ddof=1) / np.sqrt(len(H_min))

H_max_err = np.std(H_max, ddof=1) / np.sqrt(len(H_max))
# Modulation depth:
# m = (H_max - H_min) / (H_max + H_min)

m = (H_max_mean - H_min mean) / (H_max_mean + H_min_mean)
# Error propagation

sigma m = (2.0 / (H_max_mean + H_min_mean)**2) * np.sqrt(

(H_min_mean * H_max_err)**2 + (H_max_mean * H_min_err)**2

print ("Measured values:")

print (f"H_min = {H_min_mean:.2f} pm {H_min_err:.2f} px")

print (f"H_max = {H_max_mean:.2f} pm {H_max_err:.2f} px")

print("\nModulation depth from KO/time-domain method:")
print(f"m = {m:.4f} pm {sigma_m:.4f}")

#
# 5.3 Modulation depth from FFT spectrum

# Semi-manual peak selection:
# click approximately on LSB, Carrier, USB
#

csv_path = r"C:\Users\L-Vis\OneDrive\Desktop\P3 Lab\Harmonic Analysis\USB

Stick\5.3 total\5.3b Sinusoidal\FOOO2FFT.CSV"

def load_fft_csv(path):
# first try normal read
for kwargs in [
dict(sep=",", engine="python"),
dict(sep=";", engine="python"),

dict(sep=None, engine="python"),

try:
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df = pd.read_csv(path, **xkwargs)
if df.shapel[1l] >= 2:
break
except Exception:
continue
else:

raise RuntimeError("Could not read CSV file.")

# convert all columns to numeric if possible
df _num = df.copy()
for col in df_num.columns:

df _num[col] = pd.to_numeric(df_num[col], errors="coerce")

valid_cols = [c for c¢ in df_num.columns if df_num[c].notna().sum() > 5]

# fallback if headers are weird
if len(valid_cols) < 2:
raw = pd.read_csv(path, header=None, sep=None, engine="python")
for col in raw.columns:
raw[col] = pd.to_numeric(rawl[col], errors="coerce")
valid_cols = [c for ¢ in raw.columns if rawl[c].notna().sum() > 5]
if len(valid_cols) < 2:
raise RuntimeError("Could not identify two numeric columns.")

df num = raw

# choose frequency column as the one that is mostly increasing
freq_col = None
for ¢ in valid_cols:
vals = df _num[c].dropna() .to_numpy()
if len(vals) > 10:
frac_inc = np.mean(up.diff(vals) >= 0)
if frac_inc > 0.7:
freq_col = ¢

break
if freq_col is None:
# choose numeric column with most unique values

freq_col = max(valid_cols, key=lambda c: df_num[c].dropna() .nunique())

amp_candidates = [c for c in valid_cols if c¢ != freq_coll]

if not amp_candidates:
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raise RuntimeError("Could not identify amplitude column.")

amp_col = max(amp_candidates, key=lambda c: df_num[c].dropna().nunique())

out = pd.DataFrame ({
"frequency": pd.to_numeric(df_num[freq_col], errors="coerce"),
"amplitude": pd.to_numeric(df_num[amp_col], errors="coerce"),

}) .dropna()

out = out.sort_values("frequency").reset_index(drop=True)

print("Detected columns:")

print(f" Frequency column: {freq_ coll}")
print(f" Amplitude column: {amp_coll}")
print(f" Number of valid rows: {len(out)}")

return out

def snap_to_local_max(f, y, x_click, window_hz=20.0):
mask = (f >= x_click - window_hz) & (f <= x_click + window_hz)
if not np.any(mask):
raise RuntimeError(f"No data in search window around x =
{x_click:.3f}")

f local
y_local

f [mask]
y [mask]

idx_local = np.argmax(y_local)
f local[idx_locall]
y_local[idx_locall

f_peak

y_peak
# map back to global index
global_indices = np.where(mask) [0]

idx_global = global_indices[idx_locall

return idx_global, f_peak, y_peak
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810 # Load data

811 # ——————— - —
812 df = load_fft_csv(csv_path)

813 £ = df ["frequency"].to_numpy(dtype=float)

814 amp_db = df ["amplitude"].to_numpy(dtype=float)

816 # convert dB -> linear amplitude for m calculation

817 amp_lin = 10 ** (amp_db / 20.0)

818

819 # ————————— -

820 # First plot: user clicks 3 approximate peaks

821 # —mm oo

822 plt.figure(figsize=(10, 5.8))

823 plt.plot(f, amp_db, linewidth=1.2)

824 plt.xlabel ("Frequency")

825 plt.ylabel("Amplitude (dB)")

826 plt.title("Click approximately on: Lower sideband, Carrier, Upper sideband")

827 plt.grid(True, alpha=0.3)

828 plt.tight_layout ()

829

830 print("\nPlease click on 3 peaks in this order:")

831 print(" 1) lower sideband")

832 print(" 2) carrier")

833 print(" 3) upper sideband")

834

835 clicked = plt.ginput(3, timeout=0)

836 plt.close()

837

838 if len(clicked) != 3:

839 raise RuntimeError("You must click exactly 3 peaks.")

840

841 # search window around each click in frequency units

842 # adjust if needed

843 search_window_hz = 20.0

844

845 # snap to nearest local maximum in dB trace

846 idx_1lsb, f_1sb, A_1lsb_db = snap_to_local_max(f, amp_db, clicked[0] [0],
window_hz=search_window_hz)

847 idx_car, f_c, A_c_db = snap_to_local_max(f, amp_db, clicked[1][0],

window_hz=search_window_hz)
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848 idx_usb, f_usb, A_usb_db = snap_to_local_max(f, amp_db, clicked[2][0],

window_hz=search_window_hz)

850 A_1sb = amp_lin[idx_1sb]

851 A_c = amp_lin[idx_car]

852 A_usb = amp_lin[idx_usb]

853

854 #H —————mm

855 # Modulation depth from spectrum
856 # A _LSB = A USB = (m/2) A C
(A_LSB + A_USB) / A_C

857 # =>m

859 m_left = 2.0 * A_1sb / A_c

860 m_right = 2.0 * A_usb / A_c

861 m_avg = (A_lsb + A_usb) / A_c

862

863 # simple uncertainty estimate from sideband asymmetry

864 m_err = abs(m_left - m_right) / 2.0

868 #H ——————mm—

869 print("\nSelected peaks:")

{f_1sb:.6g}, amplitude = {A_lsb_db:.4f} dB")
{f_c:.6g}, amplitude = {A_c_db:.4f} dB")
{f_usb:.6g}, amplitude = {A_usb_db:.4f} dB")

870 print(f" Lower SB: f

871 print(f" Carrier : f

872 print(f" Upper SB: f
873

874 print("\nConverted linear amplitudes:")
875 print(f" A_LSB = {A_lsb:.6g}")

876 print(f" A_C {A_c:.6g}")

877 print(f" A_USB = {A_usb:.6g}")

878

879 print("\nModulation depth from spectrum:")
{m_left:.4f}")

881 print(f" m_right = {m_right:.4f}")

{m_avg:.4f} pm {m_err:.4f}")

880 print(f" m_left

882 print(f" m_avg
883

884 |# ———— o

886 # ————

887 plt.figure(figsize=(10, 5.8))
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888 plt.plot(f, amp_db, linewidth=1.2, label="FFT spectrum")

889

890 plt.plot(f_1sb, A_1lsb_db, "o", markersize=8, label="Lower sideband")
891 plt.plot(f_c, A _c_db, "o", markersize=8, label="Carrier")

892 plt.plot(f_usb, A_usb_db, "o", markersize=8, label="Upper sideband")

893

894 plt.axvline(f_lsb, linestyle="--", linewidth=1.0)
895 plt.axvline(f_c, linestyle="--", linewidth=1.0)
896 plt.axvline(f_usb, linestyle="--", linewidth=1.0)
897

898 summary = (

899 f"$f _{{LSB}} = {f_1sb:.3g}r$\n"

900 f"$f _C = {f_c:.3gr$\n"

901 f'"$f_{{USB}} = {f_usb:.3g}$\n"

902 f"$m = {m_avg:.4f} \\pm {m_err:.4f}$"
903 | )

904

905 plt.text(

906 0.03, 0.97, summary,

907 transform=plt.gca() .transAxes,

908 fontsize=10,

909 verticalalignment="top",

910 bbox=dict (boxstyle="round", facecolor="white", alpha=0.9)
911 )

912

913 plt.xlabel("Frequency")

914 plt.ylabel("Amplitude (dB)")

915 plt.title("Modulation depth from FFT spectrum")
916 plt.grid(True, alpha=0.3)

917 plt.legend()

918 plt.tight_layout()

919 plt.show()

920

921

922

923 | #

924 # 5.4 Finding Fourier Spectra

925 #
926 FOLDER = r"C:\Users\L-Vis\OneDrive\Desktop\P3 Lab\Harmonic Analysis\Harmonic

Analysis Fourier Spectra"

927 PATTERN = "*FFT.CSV" # SinusoidalFFT.CSV, TriangularFFT.CSV,
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928 SHOW_PLOTS
929 SAVE_PLOTS

930

True

True

931 # Zoom frs Plotten

932 XMAX_HZ = 200_000

933 N_PEAKS = 10

934

935

936 #

937 # Reader for TEK FFT CSV
938 #

939 def read_tek_fft_csv(path: str) -> tuple[np.ndarray, np.ndarray]:

940 e

941 Reads Tektronix FFT export CSV.

942 Format:

943 col 3 = Frequency [Hz]

944 col 4 = Amplitude [dB]

945 Separator is ';'

946 e

947 df = pd.read_csv(path, sep=";", header=None, engine="python")

948

949 freq = pd.to_numeric(df.iloc[:, 3], errors="coerce")

950 amp = pd.to_numeric(df.iloc[:, 4].astype(str).str.replace(",", "",
regex=False),

951 errors="coerce")

952

953 mask = freq.notna() & amp.notna()

954 freq = freq[mask] .to_numpy(dtype=float)

955 amp = amp[mask].to_numpy(dtype=float)

956

957 idx = np.argsort(freq)

958 return freqlidx], amp[idx]

959

960

961 | #

962 # Simple peak finder

963 #

964 def simple_peak_list(freq: np.ndarray, amp_db: np.ndarray, n_peaks: int = 10,
965 min_freq: float = 1.0, guard_hz: float = 500.0):

966 e

967 Very simple peak finder:
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- looks for local maxima
- picks top n_peaks by amplitude
- uses a guard band so you dont get many peaks from same bump
freq = np.asarray(freq)
amp_db = np.asarray(amp_db)
mask = (freq >= min_freq)
f = freq[mask]
a = amp_db[mask]
if len(f) < b:
return []
loc = np.where((a[1:-1] > a[:-2]) & (al[1l:-1] > a[2:1))[0] + 1
if len(loc) == 0:
return []
cand = loc[np.argsort(alloc])[::-1]]
chosen = []
for i in cand:
fi = f[il
ai = ali]
if all(abs(fi - fj) > guard_hz for fj, _ in chosen):
chosen.append ((fi, ai))
if len(chosen) >= n_peaks:
break
return chosen
# —_——

# Error estimation helpers
#

def estimate_fft_binwidth(freq: np.ndarray) -> float:
"""Median FFT frequency spacing."""

return float(np.median(np.diff(freq)))

def characterize_peak(freq: np.ndarray, amp_db: np.ndarray, f_guess: float):
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def

Characterize a peak near frequency f_guess.

Returns:
f_peak, A_peak, sigma_f, sigma_A, idx
where
sigma_f ~ half FFT bin width
sigma_A ~ half max difference to neighboring bins

nnn

idx = int(np.argmin(np.abs(freq - f_guess)))

float (freqlidx])
float (amp_db[idx])

f_peak

A_peak

# frequency uncertainty from FFT bin width
df = estimate_fft_binwidth(freq)
sigma_f = df / 2.0

# amplitude uncertainty from local bin-to-bin variation
diffs = []
if idx > O:
diffs.append(abs(amp_db[idx] - amp_db[idx - 1]))
if idx < len(amp_db) - 1:
diffs.append(abs(amp_db[idx] - amp_db[idx + 1]))

sigma_A = max(diffs) / 2.0 if diffs else np.nan

return f_peak, A_peak, sigma_f, sigma_A, idx

round_value_uncertainty(value: float, uncertainty: float):

Round value and uncertainty:

- uncertainty: 1 sig fig usually

- 2 sig figs if leading digit is 1 or 2

- value rounded to same decimal place

if uncertainty <= 0 or not np.isfinite(uncertainty):

return str(value), str(uncertainty)

exponent = int(np.floor(np.loglO(abs(uncertainty))))
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1050 mantissa = abs(uncertainty) / (10 ** exponent)

1051

1052 sig_figs = 2 if mantissa < 3 else 1

1053 decimals = -exponent + (sig_figs - 1)

1054

1055 value_rounded = round(value, decimals)

1056 uncertainty_rounded = round(uncertainty, decimals)
1057

1058 value_str = f"{value rounded:.{decimals}f}"

1059 uncertainty_str = f"{uncertainty_rounded:.{decimals}f}"
1060 return value_str, uncertainty_str
1061

1062

1063  # ==

1064 # Main analysis loop

1065 # ==

1066 for path in glob.glob(os.path.join(FOLDER, PATTERN)):
1067 name = os.path.basename(path)

1068

1069 freq, amp_db = read_tek_fft_csv(path)

1070

1071 # Find candidate peaks

1072 peaks = simple_peak_list(

1073 freq,

1074 amp_db,

1075 n_peaks=N_PEAKS,

1076 min_freq=1.0,

1077 guard_hz=500.0

1078 )

1079

1080 if len(peaks) == O:

1081 print (f"\n{name}: no peaks found.")

1082 continue

1083

1084 # Fundamental = strongest non-DC peak

1085 f1_guess, Al_guess = max(peaks, key=lambda x: x[1])
1086

1087 # Third harmonic = candidate closest to 3x*fl

1088 peaks_no_f1 = [p for p in peaks if abs(p[0] - f1_guess) > 100.0]
1089 if len(peaks_no_f1) > O:
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1090 f3_guess, A3_guess = min(peaks_no_f1, key=lambda x: abs(x[0] - 3.0 *
f1_guess))

1091 £3, A3, sf3, sA3, idx3 = characterize_peak(freq, amp_db, f3_guess)

1092 else:

1093 £f3 = A3 = sf3 = sA3 = np.nan

1094 idx3 = None

1095

1096 # Refine fundamental

1097 f1, A1, sfl, sAl, idxl = characterize_peak(freq, amp_db, fl1_guess)

1098

1099 # Rounded strings

1100 f1_khz_str, sfl_khz_str = round_value_uncertainty(fl / 1000.0, sf1 /
1000.0)

1101 A1 _str, sAl_str = round_value_uncertainty(Al, sAl)

1102

1103 if np.isfinite(£3):

1104 £3_khz_str, sf3_khz_str = round_value_uncertainty(£f3 / 1000.0, sf3 /
1000.0)

1105 A3_str, sA3_str = round_value_uncertainty(A3, sA3)

1106

1107 #

1108 # Console output

1109 #

1110 print("\n" + "=" x 70)

1111 print(£f"File: {namel}")

1112 print ("=" * 70)

1113

1114 print ("\nRaw peak values:")

1115 print(£f"f1 = {f1:.3f} pm {sfl:.3f} Hz")

1116 print(£"A1 = {A1:.3f} pm {sAl:.3f} dB")

1117

1118 if np.isfinite(£3):

1119 print(£"£f3 = {£3:.3f} pm {sf3:.3f} Hz")

1120 print (£"A3 = {A3:.3f} pm {sA3:.3f} dB")

1121

1122 print ("\nReport-ready rounded values:")

1123 print(£"f1 = ({f1_khz_str} pm {sfl_khz str}) kHz")

1124 print(£f"A1 = ({Al_str} pm {sAl_str}) dB")

1125

1126 if np.isfinite(£3):

1127 print(£"£f3 = ({f3_khz_str} pm {sf3_khz_str}) kHz")
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print (f"A3 = ({A3_str} pm {sA3_str}) dB")
print (£f"Check: £3 / f1 = {£3/f1:.3f}")

#
# Plot (unchanged style)
#
if SHOW_PLOTS or SAVE_PLOTS:
plt.figure(figsize=(9, 4.8))
plt.plot(freq, amp_db, linewidth=0.8)
plt.x1im(0, XMAX_HZ)
plt.xlabel ("Frequency [Hz]")
plt.ylabel("Amplitude [dB]")
plt.title(f"FFT spectrum (exported) - {namel}")

plt.grid(True, alpha=0.3)

if idx1 is not None:

plt.plot(freq[idx1], amp_db[idx1], "o", markersize=5)

if idx3 is not None:

plt.plot(freq[idx3], amp_db[idx3], "o", markersize=5)

plt.tight_layout ()

if SAVE_PLOTS:
out_png = os.path.splitext(path)[0] + ".png"
plt.savefig(out_png, dpi=300)

if SHOW_PLOTS:
plt.show()
else:

plt.close()

#

# Main
#
files = sorted(glob.glob(os.path.join(FOLDER, PATTERN)))
if not files:

raise FileNotFoundError(f"No files matching {PATTERN} in {FOLDER}")
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1169 for path in files:

1170 name = os.path.basename(path)

1171 freq, amp_db = read_tek_fft_csv(path)

1172

1173 # Peaks (for report table)

1174 peaks = simple_peak_list(freq, amp_db, n_peaks=N_PEAKS)
1175

1176 print("\n" + "=" x 70)

1177 print("File:", name)

1178 print(f"Freq range: {freq.min():.1f} .. {freq.max():.1f} Hz")
1179 print ("Top peaks (freq [Hz], amp [dB]):")

1180 for £0, a0 in peaks:

1181 print(f" {£f0:12.2f} {a0:8.2f}")

1182

1183 # Plot

1184 plt.figure(figsize=(10, 5))

1185 plt.plot(freq, amp_db, linewidth=1)

1186 plt.xlabel("Frequency [Hz]")

1187 plt.ylabel("Amplitude [dB]")

1188 plt.title(f"FFT spectrum (exported) - {namel}")
1189 plt.grid(True)

1190 plt.x1im(0, XMAX_HZ)

1191 plt.tight_layout ()

1192

1193 if SAVE_PLOTS:

1194 out_png = os.path.splitext(path)[0] + "_clean.png"
1195 plt.savefig(out_png, dpi=200)

1196 print("Saved plot:", out_png)

1197

1198 if SHOW_PLOTS:

1199 plt.show()

1200 else:

1201 plt.close()
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